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1 Introduction. The main theorem. 



In his survey paper [7] , Grunbaum introduced measures of asymmetry for convex bodies 
in R", i.e. compact, convex sets in R" with nonempty interior. Measures of asymmetry 
determine the degree of non-symmetricity of a non symmetric convex body. Recall that 
a convex set K in R" is centrally symmetric with respect to the origin ii x ^ K implies 
—X G K . More generally, K is centrally symmetric with respect to the point z ii x ^ K 
implies 2z — a; G K. 

Griinbaum argues that a measure of asymmetry should be a function that is for 
centrally symmetric convex bodies and maximal for the simplex and only for the simplex. 
However, the simplex has enough symmetries to ensure that all affine invariant points 
are identical. This leads to the question: How far apart can specific affine invariant 
points be? This distance can be used as a measure for the asymmetry of the convex 
body. 

Of particular interest are the centroid g{K) and the Santalo point s{K) of a convex 
body K in R". These points are of major importance and have been widely studied. For 
the (less well known) Santalo point see e.g. [H [TH [T31 [2D] . Recent developments in 
this direction include e.g. the works [3 [51 131 [SI El HOI [13 ■ We show here that the points 
can be very far apart, namely 

Theorem 1 There is an absolute constant c > and uq € N such that for all n > uq 
there is a convex body C = C„ in R" with 

\\g{C)-s{C)h ^ \\g{C)-s{C)h , . 

- voli(£nC) wc{u) ■ ^ ' 

II • II2 is the Euclidean norm, I is the line through g ~ g{C) and s — s{C) and wc{u) — 
hc{u) + hc{~u) is the width of C in directon of the unit vector u — n ^Zm ■ 



The proof actually shows that we can asymptotically determine the constant c of the 
theorem. 

\\g{C)-s{C)h 

voii(^nc) 

is asymptotically with respect to the dimension, greater than or equal to 

1 - - ^ = 0.142673... 

and is asymptotically with respect to the dimension, less than or equal to 



1 - -\ — \-- = 0.18383.. 



Throughout the paper we use the following notations. 62(0, r) is the Euclidean ball in 
R" centered at a with radius r. We denote — B2{0, 1). 5""^ is the boundary (JSJ 
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of the Euclidean unit ball. For x e M", let = (X;r=i VtYY ^ if 1 < p < oo and 

Halloo = niaxi<j<„ \xi\, if p = oo and let = {a; G : ||a;||p < 1} be the unit ball of 
the space l^. 

For a convex body K in M" we denote the volume by vol„ [K^ (if we want to emphasize 
the dimension) or by \K\. co[yl, B\ = {Aa + (1 - A)6 : a e A, & € < A < 1} is the 
convex hull of A and B. 

hxiu) = maxj^g/f (u, x) is the supportfunction of K in direction u. 

For X e K, K"" = {K - x)° = {y € R" : (y, z - x) < 1 for all z e is the polar 
body of K with respect to x. 

Let ^ S K" with ||f |j2 = 1 and s E R. Then the {n — 1) -dimensional section of K 
orthogonal to ^ through s£, is 

We just write K{s) if it is clear which direction ^ is meant. 
The centroid g{K) of a convex body iiT in R" is the point 

giK) = — r-777T / ^dx. 

The Santalo point s{K) of a convex body K is the unique point s{K) for which 

vol„(if)vol„(if") 

attains its minimum. It is more difficult to compute the Santalo point as it is defined 
implicitly. 

Before we go into the construction of the convex bodies that fulfill the properties 
of Theorem [TJ we discuss an example that shows that a more elaborate construction is 
necessary to get the statement of Theorem [T] 

For instance, it is not enough to take one half of a Euclidean ball 

B = {x e R"|||a;||2 < > 0} . 

We compute the centroid of B. The coordinates of the centroid are g{B){2) — ■ ■ ■ — 
g{B){n) = and 

Now we compute the Santalo point of B. The polar body of the Euclidean ball i?2 (Aei , 1) 
with center Aei, < A < 1, and radius 1 is 



X € 



(1-A^f (xi + ^)' + (l-A>^ + ... + (l-A^).x^<l| . (2) 



Therefore, the polar body of the half ball B with respect to Aei is the convex hull of 
the vector — ^ and the ellipsoid ([2]). We estimate the volume of {B — Aei)°. Since 
{B — Aei)° contains the ellipsoid ([2]) 

(1 - A^)-^ vol„(B2") < vol„((S - Aei)°). 
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On the other hand, as {B — Aei)° is contained in the union of the elhpsoid ^ and a 
cone with height j and with a base that is a Euchdean bah with radius (1 + A^)^^, 

vol„((i3 - Aei) ) < ^^^^ + ,A(l + A2)"-i 

For A = we get 

V" 

— n— 1 

vol„((B - Aei)°) < fl - ^1 ' vol„(S2") + ^tV^l\J, ■ 



/n(l + i)'' 



Since 



we get 



voi„_i(i?r') . 

vol„(BJ) ^ V 2 



vol„((B-Aei)°) < ( y^+^yi ) vol„(B^') 



On the other hand, for A — 

' \/n 



vol„((B - Aei)°) > ( 1 - — ) vol„(BJ). 



With 1 - t < e"* 

vol„((B - Aei)°) > e^""^ yoln{B^) 



\\giB)-s(B) 



Therefore, there is a 7 such that for all n G N we have s{B){l) < Thus voii(£ns) 
is of order 

The next lemma is well known (see [20] V 

Lemma 2 For any convex body K, an interior point x of K is the Santalo point if and 
only if is the centroid of (K — x)° . 



This lemma can be rephrased as follows: 

Let K be a convex body. Then is the Santalo point of K^^^^ . 

Indeed, RsW ^ {K - g{K))° and {K ~ g{K))°° =K-g{K). Since is the centroid of 
{K-g{K))°°, it follows by LemmaElthat is the Santalo point of {K-g{K))° = K3(^\ 

For convex bodies K and L in M" and natural numbers k, < k < n, the coefhcients 

n—k k 
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in the expansion 

vol„(Ai/f + X2L) = (^) Ar'A^V„_fc,fc(i^,L) (3) 

are the mixed volumes of K and L (see [IS]). 

Now we introduce the convex bodies which will serve as candidates for Theorem [T] 
For convex bodies K and L in M" and real numbers a > and 6 > 0, wc construct a 
convex body Af„ in W^^^ 

M„ = co[{K,-a),{L,h)] = {t{x,-a) + {l~t){y,b)\x € K,y e L,0 < t < I}. (4) 

The bodies we are using in Theorem [T] will be the polar bodies to Mn- The polar of M„ 
can be described as follows: For — ^ < s < |, the sections of M° orthogonal to e„+i 
and containing se„+i are 

M°{s) = Af°(s,e„+i) = (1 + s a)K° n (1 - s b)L°. (5) 

We show this. 

M° = {{z, s) e X M|Vx G :< z, X > -sa < 1 andVy e L :< z,y > +sb < 1} 
= {{z, s) G M" X R\z G (1 + sa)/^" n (1 - bs)L°} 



The body M„ is the convex hull of two n-dimensional faces K and L. In the following 
proposition we choose specific bodies for those faces. We choose them in such a way 
that their volume product differs greatly, which has as effect that the centroid and the 
Santalo point of M^^*^"-* are "far apart". One face is the Euclidean ball and the other 
the unit ball of We normalize both balls so that their volume is 1. 



Proposition 3 Let 



K - L = - b: 



id a = 1 and b = '^zzf- Let Mn be the convex body in R"+^ defined in Q). The 

(i) lim„^oo 9{Mn) = 0. 

(ii) Let 



So = — ^ — ]- = -0.290815... si = ^ ^ = -0.225705. 



Then for every £ > there is tiq such that for all n > uq the n + 1-st coordinate of the 
centroid g{M°) of M° satisfies 

so-£<<7(M°)(n + l) <si+e. 
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The Santalo point of Mn " , s* = s{Mn ) = and therefore the centroid g* and 
the Santalo point s* of Mn'"^"^ satisfy 

xfe — 1 2 — \/e7r 

— - — — > limsup \g*^ - s;| > liminf jg^ - <| = liminf \gl\ > ^ — ^ . 

Ve + n-)-oo "■-^oc VeTT + J3i 



As for the proof of Proposition O it follows from Lemma [5] that s(M„ "'') — 0. For the 
centroid g* we actually estimate the coordinates of g{M°) and not (/(M^'*^"''). Since 
lim g(M„) = it suffices to use a perturbation argument. The remaining part of the 
proof of the proposition is in the next section. 

Proof of Theorem [TJ The proof follows immediately from Proposition [3J For every 
n, let Cn = M°. 



2 Proof of Proposition [3] 

This section is devoted to the proof of Proposition [31 We will need several lemmas and 
then give the proof of the proposition at the end of the section. 

Lemma 4 Let K and L he convex bodies in M" such that their centroid are at 0. Let 
c > and let Mn be the convex body in W^^^ 

Af„ = co[(i^,0),(L,c)]. 

Then the (n + l)-coordinate of the centroid g{Mn){n + 1) of Mn satisfies 

c El=oik + l)Vn-k,kiK, L) 



g{Mn){n+l) = {g{Mn),e 



n+ll 



Proof. By definition 



Note that 
Therefore 



(c/(Af„),e„+i 



/g w vol„(M„(w))dw 
\o\n{Mn{w))dw 



co[(if,0),(i,c)]-{(( 



1 )K + —L,w 

c c 



< w < c 



{g{Mn), Cn+l) = 



/>vol„((l-f)JC+fL)d^; 
/;vol„((l-f)if+fL)du, 

/q t vol„((l - t)K + tL)dt 
vo\ni{l - t)K + tL)dt ' 
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Now we use the mixed volume formula ([3]). Thus 

Jo ELo(a) t'^' (i-i)"-'^ V,,^,AK,L)] dt 

= c 



(g(Af„),e„+i 



where we have also used the Betafunction 

B{k, I) = f t'^-\i - ty-'dt = ^ k,i>o. 

Jo r(/c + 1) 

□ 

The next lemma is well known ([8], p. 216, formula 54). 
Lemma 5 For all n E N and t > 

vol„ {B^^ + tB^i,) = it) 2' 

fc=0 ^ 

mi/i the convention that volo(-B2) = 1- Therefore, for < k < n, 
Vn^kAB^\B:^) = 2^= vol„_fc (Sr") • 



Lemma 6 The following formula holds 



En 

1 ^~ 



fc+1 

° r(i+t)^jr(i+^) 1 



lim ^ ' / ' ^ ' = 1 



Proof. One has 



n 



v^n fc+1 y^" n-fc+l 

1 ^^^=0 r(i+t)^r(i+^) ^ ^_ ^^=0 r(i+t)^r(i+j 



1 



r(i+t)V^r(i+|) 



Y^n (K-fc+l)r(l+f )^ , r(i+f )^ 

1 Z^fc=o r(i+|) n+1 1 Z^fe=o^ r(i+|) 



+ 2 „„ r(i+f n + 2 n + 2 „ r(i+f 

^fc=o r(i+|) 2^fc=o r(i+|) 



It is thus needed to prove that 



En J r(i+7 
fc=o'^" 



lim 1 ^^^° ^^^+^^ ^ i. (6) 
n-)-oo n „„ r(i+f )^ e 
2^fc=o r(i+|) 
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For every x > 0, 



rfl + ^) ^ fcp/fc\ - ^Z^wIT 

fc=0 2/ k=l2'^^2> k = 1^2l 



2-(f7IT+E^)=24t;7IT+-E 



nk) ^,r(f)y vr(i) ^„r(i + t) 

Thus for X = r(i + f)" 
" fcr(i+^)^ / ( I ( nxi^^'r(l + ?|)S\ 



Let 



..0 + """"'^ ^ r(i + f) 

([S]) is equivalent to 

1 

lim = -. 

n-»-oo nUn e 

By Stirling's formula 

(2) ^-^/^<^(l+2)< 

and thus 

^ , ,1 / n\ ^ I n , ^ 1 1 
— (7rn)2n < r 1 + - < W — (7rn)2"e"<«"-i2) 



Moreover, 



r(2) - 2e 



(In fact, it can be proved that i?„ ~ 2e^i ~ 2e5^, where we write a{n) ^ b{n), to mean 
that there are absolute constants ci,C2 > such that cia(n) < b{n) < C2 a{n). But for 
our purposes the above estimate is enough.) Also, for n > 3 

r(i + §)=^ r(i + f) 



rii + ^) r(i + f)^r(i + ^i^) 



< 



< 



{n)2y/n / e \ 

- l)^y^{n - 1) 

< IH < exp — — < e. 
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Therefore, by jT]) and with c„ = (r(l + f )) " , 

lim 4^ = lim ^ U^+c„ 1- '^^^^^ 




hm^^hnr^f./-y = i. 

n— >oo n n— >oo n \ V 2e / e 



□ 



Lemma 7 Lei a, 6 G R, a > 0, & > and 



vol„(SJ)" 2 

Lei Af„ = co[{K, ~a), {L,b)] be defined as in Then the center of gravity g{Mn) 

satisfies 

hm .g(M„) = - (-a) + ( 1 - 



Proof. By symmetry, the centroid of M„ is an element of the (n + l)-axis. Therefore 
we only need to compute its (n + l)-th coordinate. 

Instead of il/„ = co[(_ft', — a), (L, 6)], we consider Af„ = co[(-ftr, 0), (L, a + 5)] with 
centroid g = gn- The centroid (7„ of M„ is then given by 5„ = 5„ — a. 

We use Lemma 3] with c = a + 6 to get 

{g[Mn),en+i) - — — - =^ — — . 

+ 2 Lfc=0 ^n~k,k [K, L) 

By Lemma [5] and the linearity of the mixed volumes in each component, we get 

^ ELo(fc + 1) vol" (-^2 )" vol„_fc (Sr'^) 



(5(M„),e„H 



1} = 



ELo'^ol" (-^2)" vol„_fc {B. 



2 j 



_ a + h ^fc=o (r(i+n/2)S r(i+(n-fc)/2) 

L^k-O (r(i+„/2)* r(l + (n-fe)/2) 

Now we apply Lemma [SI □ 

Eventually we will have to investigate expressions of the form 

vol„ ^ r n t ^ , t>Q. 

Vvol„(B^')" vol„(Bi')"/ 



(8) 
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Schechtman, Schmuckenschlager and Zinn established asymptotic formulas for large n 
for the volumes of n tB]^ [iTl [181 US] ■ To do so, they considered independent random 
variables /i^, . . . , with density 

2r(i)' 

Here, we need uniform estimates instead of asymptotic ones. 

Lemma 8 Let < p, q < oo and let be a random variable with density 0). Then 



P 



2r(i) 



P 



oo -1 



t'^e-^ dt = 



r(i) 7o 

In particular, for p ~ 1 and g = 1 respectively q = 2 we get 

E\h^ \ = 1 respectively Ej/i^p = 2 

For p = 2 and g = 2 we get 



g + 1 



(10) 



(11) 



Elk 



2|2 
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The next lemma treats the Gaufiian case of a more general statement which we will 
prove below. 

Lemma 9 Let (ri,P) be a probability space. Let gi : fl ^ R, ^ ^ i n, be independent 
N{0, \)-random variables. Then, for all j > there is uq such that for all n > no 



< 



> 



1 



(12) 



Proof. By Chebyshev's inequality. □ 



Lemma 10 Let (f2,P) be a probability space. Let h\ : Q, ^ R", 1 ^ * ^ f^, be indepen- 
dent random variables with density e^'*' . Then for all ^ > there is uq such that for all 
n > no 



(13) 



Proof. Again, by Chebyshev's inequality. □ 

Lemma 11 Let (57, P) be a probability space. Let gi : Q 
N{Q,1) -random variables. Then 



voL {B^ n t B^) = n voL (B^) [ r"-ip ( 



, 1 < i < n, 6e independent 



< 



dr 



(14) 
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Again, we state this lemma and its proof in the Gaui3ian case to illustrate the ideas. 
Below, we will prove a more general statement. A more general situation has also been 
explored in [18]. 

Clearly, formula (fHl) is equivalent to 

vol„ {B^ n t B'l) = n vol„ (S^') /' r"-i pf , , tS'^! '^1 1 < ^) (15) 



and to 



voL n s ^ 



^vol„(B^')i/" vol„ 



1 /I v-^ra 



Er=il5.| ^ s /vol„(B2") 



(fT6|) follows from (fT5|) with the substitution s = t f yQ^"|gn| j 

Proof of Lemma II 11 Also in the case of a convex body that is not centrally symmetric 
we use 

lieilA-=inf|i p^^K'^ 
Using polar coordinates we get for any convex body K C B2 

vol„(X) = r / 



n 



1 



r"-ivol„_i [dB^r\^K] dr. 



Hence for K = B'^' D tBl' 



voi„ (BJ n <sn = ^ r"-i voi„_i (^as^ n ^(B^ n tsn j d?- 

= ^ r''-^voln-i(^dB^ n^B]^^ dr 
Let 7„ be the normalized Gauss measure on M". Then 

vol„_i(aB^) • 7„ ( ^^=1 , < - I = vol„_i ( dB^ n -S^' 
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Indeed, 



En 
1=1 



< 



Therefore, using polar coordinates 



En 
1=1 



< 



t 



(Er=ii2^^p)^ 



Thus 



S>0,||x|l2-l,||x||i < 



s > 0,x e dB^ n -B[' 
r 



s > 0, a; e n -B" 
r 



1n\<:SX 



(2^) 



2n2 



vol„ n = vol„_i(ai32") 

Jo 



En 
2^1 



(Er=ii^iP)* 



< 



dr. 



Since the coordinate functionals are independent A^(0, l)-randoni variables with respect 
to the measure 7„ we have established ((T^ . □ 



Lemma 12 Let Pp be the probability on M" with density fp 



defined by 



fp{x) — fpixii • • ■ Xn) 



1 



(2r(i + i))' 



Then for every starshaped body K , one has 



vol„ (S;' nK)=n vol„ (S;) 



X e 



dr. 



Proof. As vol„ (S;^) (2r(l + i))"(r(l + ^)) \ it follows that 



vo1„(b;) / r-^M{xeR--J^<l})dr 



r(i + f). '0 ^{a;:r||a;||K<||^||p} 



r(i 



r(l + f)V(niax(l,^))" 



12 



We pass to polar coordinates. i7„_i denotes the (non-normalized) surface measure on 
n vol„ {b;) f r"-ip,({x G M"; ^ < -])dr 

1 1 /■+°° . /■ 1 1 



J- U + pjP Jo Jees^-i Irllp (max(l, j^p)) 

:fi:d(T„_i(6') 



nJees„-i ( max(||6'||p, ||6I|| a')) 

voi„ {K n s;) 



□ 



Corollary 13 Let 1 < p,q,< oo and let s > 0. Let : Q ^ , I < i < n, he 
independent random variables with density r(i/p) s"^*^'' '^'^'^ = (^i? • • ■ i ''■n)- 2^^en 



voi„ (b; n 

= n vol„ {b;) [ r 



{^X\ , . . . , Xfi ) € 



(iE'Uk.l')- 



ll/i^'Hii 



< 



||/iPH||p - r 



Lemma 14 i^or all ^ > there is uq such that for all n > no and all t with 
t> (i/-+7) \/n ) " have 



2 < vol„ 



vol„ (BJ)^/" vol„ (Bf ) 



B"^ 



l/ri 



< 1 



Proof. By ^ 

vol„ (S^' CM B'D^n 
This gives 



voi„(i?,") /'r-^pf ffi;'^;' 



< —= I dr 
r\ n . 



voi„ ? — r n t- 

Vvol„(B^')" vol„(B2")' 



n r 
/o 



, < dr. (17) 
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We substitute 



and obtain 



vol„ 



B5 



t ^ s 



n s- 



vol«(g^')" 
vol„ (B^)^ 



n r 
'o 



By Lemma [HI for every 7 > there is hq such that for aU n > no 



dr. 



<7 > > 



Therefore, for every 7 > there is uq such that for ah n > uq and ah s with 



2 s vol„(S?)" 

+ 7< ^ ^ '\ 
vol„(Bi")" 



or, equivalent ly. 



we have 



vol„ 



\ voUGBTll . 

+ 7 r ^ s 

/ VOl„(B2")" 

. Bl' 



— n s 



> 



^vol„(B2")" yo\„{B^)^ 
The other inequahty is obvious from (fT7|) . □ 



Lemma 15 i^or all ^ > there is Uq such that for all n > and all s with 

V2 + 7 vol„(B^')" 



s > 



we have 



7; < vol„ ( 
2 \vo\n{B^ 



Vn vol„(B,")^ 
B^ 



n s- 



Bri 



vol„ (B^')" 



< 1 



Proof. By CoroUary [T31 for q = 2 and p — 1 

Yo\n{B1r\tBl^) 
vol„(Bf) 



II^^MH2 ^ t 

ll/^iMlli - r 
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We put 

and obtain 
voL 



t = s 



r n s ■- 



voi»(gr)" 

vol„ {Bqy 



n r 
'o 



\\h^i^)\\i ''vol„(B^') 



- dr. (18) 



By Lemma fTOl for every 7 > there is uq such that for aU n> hq 



1 ^ 1 Y^n lulf M < V 2 + 7 ^ > - 



Therefore, for all r with < r < 1 and all s with 

vol^^OBTli > V2 + 7 
vol„(S2")" " 

2 + 7 VOl„(B2")" 



or, equivalently. 



we have 



By (0 



provided that 



S > 

vol„(Br)" 



< s- 



1 



BV 



n s- 



vol„(B^)' 

Br} 



> 



„ < vol„ 

2 \YO\n{B^y V0l„(B2")" 



s > 



\/2 + 7 vol„(B2")' 



V" vol„ 

Again, the other inequality follows by (fT8|) . □ 
Let a > 0, 6 > be real numbers. By ([5]), for if 



^" r> = ^> for all s with 



1 <s< i 

a — — o 



vol„(sj) 



M°(s) = (1 + s a)vol„ {B'2')^ B^ n (1 - s 6)2Bi" 
which is the same as 

M°{s) = 

(1 + . a)vol„ (52-)^ f n 2 (i-^^)voUBn| 

VvoU(Sj)" + ' V0l„(Bj)" VOl„(Bi")" 



(19) 



(20) 
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Lemma 16 Let a > 0, 6 > be real numbers. Then, for all j > there is uq such that 
for all n > no and all s with 



s > 



ne - 



2b 



+ 7 



have 



2"-i (1 _ s 6)" vol„(Bn < voln (M°(s)) < 2"(1 - s b)" yoUB['). 



Proof. We have 



M:is) = 2il-sb)( ^'^l^^^'^l^'^'^' B^nBl^ 



Therefore 



voi„(M,:(,)) = 2"(i - . 6)» vol,. n sr j 

^ 2",l - . .oUb;> vol.. ( 1^ =5^^ n -^^] ^ 

We get immediately 

vol„(M°(s)) < 2"(1 - s &)"vol„(Bn- 

We show now the opposite incquahty. By Lemma [151 for all 7 > there is uq such that 
for all n > Hq 



^<volJ^^n '' + -°)/°'"'^?': ^? . <l, (21) 



provided that 



+ s g) vol„ (g^')" ^ 72 + 7 vol» (^2")" 
2(1 - s 6) vol„ (Si')" ~ %/"^ vol„(S|^)" 



or 



This means 



Since 



s > 



and 



^-sb ^vol„(BJ)" 

vol„ (g^")" -2(\/2 + 7) 
vol„ +26(V2 + 7) 

k^e-^V2TTk < r(fc + 1) < fc''e-'=%/2^e5(^ 
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we have 



Thus (HI]) holds, provided that 



< V0l„(B2")" < 



V27re 



(22) 



s > 



^-2(^2 + 7) 



(7m)2^feS"("-2) 



+ 26(^2 + 7) 



/2^-2(V2 + 7)(7rn)5t 

+26(72 + 7)(7rn)A 



Now we pass to a new 7 and obtain: For every 7 > there is a no such that for aU 
n > hq and aU s with 



s > 



we have 



< voL 



y27re-2%/2 _ ^Tre - 2 

a V2ne + 2bV2 ^ ~ a y/ire + 2b 

(1 + s a) vol„(BJ)" 



+ 7- 



n 



VOl„ (B^)^ 2 (1 - S 6) yol^ i yol^^ (^n) i 



< 1. 



(23) 



□ 



Lemma 17 Let a > and b > real numbers. Then, for all j > there is uq such 
that for all n > uq and all s with 

. Ve-l 
+ a^/e 

we have 

i(l + s a)" vol„(B2")' < voln {M°{s)) <{l + s a)" vol„(B2")2 
Proof. By for all s with - ^ < s < ^ 



,vol„ (B^') " (1 + s a) vol„ (B2")* vol„ (B^yJ ' 

The right hand side inequality follows immediately. We show now the left hand side 
inequality. By Lemma [HI for all 7 > there is no such that for all n > no and all t with 

- VV - V ^ V0l„(Bj)^ 



- < vol„ ?—-r- n t ^—-r- < 1. 

Vvol„(S?)'/" vol„(Br)i/"y' - 



2 
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Therefore, 



2 < vol„ 



provided that 



+ 7 V" 



vol„(Bn' 



< 2 



vol„ (BJ) 
The latter inequahty is equivalent to 



l-sb\ vol„(Br)' 



1 + s ay vol„(B^')" 



+ 7 Km vo1„ (B^*)" < 2 



1 - s 6 
I + s a 



By (22), the above inequality holds if 



This is equivalent to 



s < 



I ire 1 — s b , , j_ 
< (Trn) . 



We pass to a new 7 



□ 



Lemma 18 Let 



s < ^ — 7 



b + a-/e 



So 



b + a\fe 



aJ^Ke + 26 



('ij For every 7 > there is hq such that for all n with n > tiq 



vol„(M°(s) ds < (1 + 7) / ' \oln{M°{s)) ds 

'so-7 



(a) For every 7 > there is uq such that for all n with n > uq 
rso-7 



and 



I s I vol„ iM° (s) ) < 7 / vol„ (M° is))ds 



|s|vol„(M°(s)) ds<j vol„(M°(s)) ds 



si+7 
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Please note that the expression J^^_^ svo\n{M°{s)) ds is negative. This lemma 
means that the volume of M° is concentrated between the hyperplanes through soCn+i 
and sie„+i. 

Although the inequality Sq < Si follows from the above computations, it is comfort- 
ing to verify this directly. The inequality Sq < Si is equivalent to 

{a + b)y^.{2 - y^) > 

which holds for all positive a and b. 

Proof, (i) By Lemma [T71 for all 7 > there is no such that for all n with n > no and 
all s with 

1 l-y/e 

<s< J— ^ - 7 = -50 - 7 

a b + ay/e 



we have 
Therefore 



^(1 + s a)"vol„(i?2")' < vol„(M°(s)) < (1 + s a)" vol„(i32")' 



S0-7 

vol„(M°(s)) ds 

so-27 

S(,-7 



> 

- 2 



I r \l + s ar vo\n{B^)^ ds 
2a(n + l) '^^^'' + " ^'"^ ^ - (1 + a (.0 - 27))"+') 



-|i?^f (l + a(5o-7))' 



l + a(so-27)^"+^' 



2a(n + l)' ^' ' y V l + a(so-7) 

For sufficiently large n 

r ' vol„(M°(s)) ds > \^, \B^\' (1 + a{so~ 7))"+' ■ 
■/so-27 4a(n + l) 

On the other hand, by Lemma [17] 
^ vo\„ {M°{s)) ds 

< j ° ^(1 + s a)"vol„(BJ)2 ds 



a{n+ 1) 



vol„(B2")^(l + a(so-27))' 



< , , vol„(B2")^ (1 + a (.so - 7)) 



n+l 



a(n+l) ^ ^ - '^^ V l + a(so-7) 

Therefore, for sufficiently large n 

/ vol„(M°(s))ds<4 1-— y ^ / yoUNrjs))ds. (24) 

J-i V l + a(so-7)/ Jso-27 
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Thus 



so-27 j-so-'r 

vol„(Af°(s)) ds < ^ I vol„(Af°(s)) ds. 



'So — 27 

Now we consider the interval [si, By Lemma [T7l 
f.si+27 

vol„ (M°(s))ds 

si+7 

pSi+2-i 

> / 2"-i(l-s 6)"vol„(Bnrfs 

J si+7 

= 2"-^^^ ((1 - b{^i + 7))"+^ - (1 - b{s, + 27))"+^) 



(l-6(.i+7))"+^ h - ^ - ^7 V 
b{n + l) [ \ l-b{s^+j)) 



= 2"-%ol„(B 
Therefore, for sufficiently large n 

vol„(M°(s))ds > 2"-2vol„(B«)^ 

On the other hand, by Lemma [T71 
vol„(M°(s))d5 

si+27 
1 

< r 2"(1 - S bY YO\r,{B1)ds 
J si+27 

- 2"^(;^(1 - b{s, + 27))"+^ vol„(Bn 

1 , . f. ^7 



Thus 



^".(^rTT) - '^''^ + - 1-5(.;+7) ' 



n+1 



vol„(M°(s))ds<4 f-— - / vol„ (M°(s))cis 



Since si < 0, for sufficiently big n 



vol„(M°(s))ds < / vol„(M°(s))ds. 



sl+27 



ft is left to pass to a new 7. 
(ii) By (IMl) 



So-27 

|s|vol„(M°(s)) 

_ 1 
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It is left to choose n sufficiently big. The other estimate is done in the same way using 

mi. □ 



Proof of Proposition [3j (i) is proved in the remark after the statement of Proposition 
[3l We show (ii). By Definition 



/_\svol„(M°(s))ds 
/ji vol„(M°(s))ds 



Therefore, by Lemma [TSl 



voi„(M°(,s))ds 



g(M°)(n + I) 

/_\vol„(Af°(s))ds 
Jl^r |s| vol„(M°(s))ds j}^^^ \s\ vol„(M°(s))ds 



< 



vol„(M°(s))ds f\ vol„(M°(s))ds 



< 27. 



Thus 



g{Ml){n + f ) - 27 < < + I) + 27. 



/J^vol„(M°(5))ds 
Since si < 0, we may assume that si + 7 < 0. Therefore 

rsi+7 

s vol„ (M°(s))ds < 



and by Lemma ITHl (i) 

r'^+^svol„(M°(s))ds f''+^svol„(M°(s))ds 



< 



si + 7 



/_% vol„(Af°(s))ds (1 + 7) vol„(M°(s))ds 1 + 7 



On the other hand 



So - 7 < 



Therefore, 



/;^_7svoi„(M°(s))ds ^ /;;_7.voi„(M°(.))d 



S0-7 



vol„(M°(s))rfs /J^ vol„(M°(s))ds 



<g(A/°)(n + l) + 27 



so - 37 < + 1) < + 27- 



1 + 7 



We apply now these estimates to the convex body 



Mr, — CO 



(if,-i),U, 



e- 1 
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0. We get 



I {z, s) yxGK: {z, x) - s(l + < 1 and G L : {z,y) + s (^^— ^ - <5„J < 1) 
It is left to apply the above estimates to M° with a = 1 + dn and b = — (5„. □ 
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